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This unit will be primarily devoted to the study of solving trigonometric equations.  In order to do this it will be 
important to have a basic understanding of how these functions are inverted.  In this lesson, we will explore the 
basic graphs and properties of the inverse sine, inverse cosine, and inverse tangent functions. 
 
Exercise #1:  Shown below are the basic graphs of sine, cosine, and tangent over the interval 2 2xπ π− ≤ ≤ . 
 
(a) Are any of these three functions one-to-one?  

How can you tell? 
 
 
 
 
(b) What does your answer to part (a) imply 

about the inverses of these three functions? 
 
 
 
 
(c) Give a restriction on the domain of 

( )siny x=  that would make it a one-to-one 

function and would include the first 
quadrant. 

 
 
 
(d) Give a restriction on the domain of 

( )cosy x=  that would make it a one-to-one 

function and would include the first 
quadrant. 

 
 
 
(e) Give a restriction on the domain of 

( )tany x=  that would make it a one-to-one 

function and would include the first 
quadrant. 
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Now that we have restricted the domains of sine, cosine, and tangent, we can graph their inverses.  Recall that 
if the point ( ),a b  lies on a function then the point ( ),b a  lies on its inverse. 

 
Exercise #2:  Consider the functions ( ) ( )1sin  and siny x y x−= = . 

 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 

(a) Fill in the table below for the sine function on 

the restricted interval 2 2xπ π− ≤ ≤ . 
 

x ( )sin x  

2
π−   

0  

2
π   

 

(b) Using your table in part (a) construct a table for 
( )1siny x−= . 

 

x ( )1sin x−  

  

  

  

 

(c) Plot and label these points on the axes below 
and then use your calculator to fill in the 
missing portion. 

2− 1−

2−

1−

1 2 

1  

2 

x 

y 

(d) Solve the equation ( )1sin 6x π− =  graphically.  

Illustrate your solution with a rough sketch 
below. 

(e) How do you interpret your answer to part (d) in 
terms of the original sine function? 

(f) State, in exact form, the value of 1 3sin 2
−  
 
 

. 

2−

2− 1−

1−

1 2 

1  

2 

x 

y 
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In this homework, you will now explore the graphs of ( ) ( )1 1cos  and tany x y x− −= = . 

 
1. Consider the functions ( ) ( )1cos  and cosy x y x−= = . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. The range, in degrees, of ( )1cosy x−=  is which of the following. 
 

 (1) 90 90y° °− ≤ ≤  (3) 0 90y° °≤ ≤  
 

 (2) 180 180y° °− ≤ ≤  (4) 0 180y° °≤ ≤  
  

(a) Fill in the table below for the cosine function 
on the restricted interval 0 x π≤ ≤ . 

 

x ( )cos x  

0   

2
π   

π   

 

(b) Using your table in part (a) construct a table 
for ( )1cosy x−= . 

 

x ( )1cos x−  

  

  

  

 

(c) Plot and label these points on the axes below 
and then use your calculator to fill in the 
missing portion. 

2− 1− 1 2 

1  

2 

x 

y 

3 

4 

(d) State in units of radians the exact value for 
each of the following: 

 

( )1

1

1

1cos 2

2cos 2

3cos 2

−

−

−

=

  = 
 

  = 
 

 ( )1

1

1

1cos 2

2cos 2

3cos 2

−

−

−

− =

 − = 
 

 − = 
 
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3. Consider the function ( )tany x=  and its inverse ( )1tany x−= . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. The inverse tangent function has a limiting value at x gets larger in both a negative and positive sense. 
 

(a) Fill in the two tables below for ( )1tany x−= .  Express the values to the nearest hundredth. 

 
 
 
 
 
 
 
 
 
 
 
 
 

(a) What is the standard domain restriction for 
( )tany x=  that forces it to be one-to-one? 

(b) What is the range of ( )tany x= ? 

(c) Based on your answers to parts (a) and (b), what 
are the domain and range of ( )1tany x−= ? 

(d) Use your calculator to sketch a graph of 
( )1tany x−=  using the graphing window 

indicated. y 

x 

10−  

2  

2−

10  

x ( )1tany x−=  

0  

10  

100  

1000  

 

x ( )1tany x−=  

  0  

10−   

100−   

1000−   

 
(b) Considering your answer to #3 part (b), what 

irrational number is the inverse tangent 
becoming closer to as x gets larger? 

(c) Which of the following lines would not 
intersect ( )1tany x−= ? 

 

 (1) 1.3y = −  (3) 0.8y =  
 

 (2) 1.9y =  (4) 0.25y = −  



Name: ___________________________________ Date: _________________ 

AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY,,  UUNNIITT  ##88  ––  TTRRIIGGOONNOOMMEETTRRIICC  AALLGGEEBBRRAA  ––  LLEESSSSOONN  ##22  
eeMMAATTHHIINNSSTTRRUUCCTTIIOONN,,  RREEDD  HHOOOOKK,,  NNYY  1122557711,,  ©©  22000099  

BBAASSIICC  TTRRIIGGOONNOOMMEETTRRIICC  EEQQUUAATTIIOONN  SSOOLLVVIINNGG  
AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY  

 

Most of this unit will be devoted to solving equations that contain either the sine or cosine function (and 
sometimes both!).  This process will be relatively straightforward as long as the relationship between an angle 
and its reference is understood. 
 

Exercise #1:  In each of the following, an angle is given.  Determine its reference angle and then use your 
calculator to find the sine and cosine of the angle and its reference.  Round your sine and cosine values to the 
nearest hundredth when applicable. 
 

(a) 120θ °=  (b) 200θ °=  (c) 310θ °=  
 
 
 
 
 
 
 
 
 
As we can see in Exercise #1, the trigonometric functions for any angle have the same absolute value as those 
for its reference.  We can exploit this fact to solve basic trigonometric equations. 
 

Exercise #2:  Consider the trigonometric equation ( ) 1sin
3

θ = −  over the interval 0 360θ° °≤ ≤ . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Determine the reference angle for this problem 

by evaluating ( )1 1sin 3
− .  Round to the nearest 

tenth of a degree. 

(b) In what quadrants is the sine function negative? 

(c) Draw rotation diagrams for the two angles that 
terminate in the quadrants specified in (b) that 
have the reference angle from (a). 

(d) Using your answers from (a), (b) and (c), solve 

the equation ( ) 1sin 3θ = −  over the interval 

0 360θ° °≤ ≤ .  State your answers to the nearest 
tenth of a degree. 
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Exercise #3:  Solve each of the following trigonometric equations on the interval 0 360θ° °≤ ≤ .  Round all 
answers to the nearest tenth of a degree where applicable. 
 

(a) 2cos 3θ =  (b) 1sin 2θ =  (c) cos 0.47θ = −  

 
 
 
 
 
 
 
 
 
 
Any linear trigonometric equation, that is one where the sine and cosine are only raised to the first power, can 
now be solved by rearranging it into these simple forms. 
 
Exercise #4:  Solve each of the following trigonometric equations on the interval 0 360α °≤ ≤ .  Round your 
answers to the nearest tenth of a degree where applicable. 
 
(a) 5sin 2 0α − =  (b) 2cos 1 0α + =  
 
 
 
 
 
 
 
 

SSOOLLVVIINNGG  BBAASSIICC  TTRRIIGGOONNOOMMEETTRRIICC  EEQQUUAATTIIOONNSS  ––  FFOOUURR  SSTTEEPPSS  
 

1. Determine the reference angle using the inverse sine or inverse cosine. 

2. Determine the quadrants in which the terminal rays of the solution lie. 

3. Draw a rotation diagram for each solution (if needed). 

4. Calculate the solutions to the equation based on #1 to 3. 
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1. Which of the following represents the solution set to ( ) 1sin 2x =  on the interval 0 360x° °≤ ≤ ? 
 

 (1) { }30 , 60° °  (3) { }60 ,120° °  
 

 (2) { }30 ,150° °  (4) { }45 ,135° °  

 
2. For the interval 0 360θ° °≤ ≤ , which of the following is not a solution to ( )sin 0θ = ? 
 

 (1) 360θ °=  (3) 0θ °=  
 

 (2) 180θ °=  (4) 90θ °= ? 
 

3. Accurate to the nearest degree, the solution set of 3cos 5α = −  on the interval 0 360α °≤ ≤  is  
 

 (1) { }127°  (3) { }127 , 233° °  
 

 (2) { }53 ,127° °  (4) { }53 , 307° °  

 
4. Expressed as a function of a positive acute angle, ( )sin 220°  is equivalent to 
 

 (1) ( )sin 40°  (3) ( )sin 60°−  
 

 (2) ( )sin 40°−  (4) ( )sin 140°−  

 
5. Which of the following constitutes the solution set to 2sin 2 0x + =  on the interval 0 360x °≤ ≤ ? 
 

 (1) { }225 , 315° °  (3) { }45 , 225° °−  
 

 (2) { }210 , 330° °  (4) { }130 , 230° °  

 
6. Which of the following is a solution to the equation ( )sec 2φ = ? 
 

 (1) 45φ °=  (3) 120φ °=  
 

 (2) 90φ °=  (4) 60φ °=  
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7. Solve each of the following trigonometric equations for all values of θ  on the interval 0 360θ° °≤ ≤ .  
Express any non-integer answers to the nearest tenth of a degree. 

 

 (a) 6sin 3 0θ + =   (b) 10cos 1 0θ − =  
 
 
 
 
 
 
 
 
 
 (c) 2cos 2 0θ + =   (d) 3sin 1 0θ − =  
 
 
 
 
 
 
 
 
RREEAASSOONNIINNGG  
 

8. Explain why the trigonometric equation 2sin 5 0θ − =  fails to have solutions. 
 
 
 
 
 
 
9. Consider the factored trigonometric equation ( )( )sin 1 2sin 1 0θ θ− + = . 

 
 
 

(a) Based on the Zero Product Law, write two 
linear trigonometric equations whose solutions 
would comprise the solution set of the original 
equation. 

(b) Find the solution set to the original equation on 
the interval 0 360θ° °≤ ≤ . 
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Quadratic trigonometric equations are ones that involve products of trigonometric functions.  Before we begin 
our study of these types of equations, it is important to introduce a new, and potentially confusing, convention. 
 
 
 
 
 
This convention now allows us to write quadratic trigonometric equations in a more compact way.  To solve 
these equations, we will generally use the Zero Product Law in order to produce two linear equations. 
 
Exercise #1:  Consider the trigonometric equation 2sin 4sin 5 0x x− − =  on the interval 0 360x° °≤ ≤ . 
 
 
 
 
 
 

 
 
 
 
 
Solving quadratic trigonometric equations is simply comprised of solving two linear equations.  These two 
linear equations are mostly found through factoring and the Zero Product Law.  Keep in mind that the three 
most common types of factoring – gcf, difference of perfect squares, and trinomial guess-and-check – will be 
used. 
 

Exercise #2:  Solve the equation 2cos sin cos 0x x x− =  for all values of x on the interval 0 360x° °≤ ≤ . 
 
 
 
 
 
 
 
  

QQUUAADDRRAATTIICC  TTRRIIGGOONNOOMMEETTRRIICC  CCOONNVVEENNTTIIOONN  
 

( ) ( )2 22 2sin sin          and         cos cosx x x x= =  

(a) Factor the left-hand side of this equation. (b) Using the Zero Product Law, write two linear 
equations whose solution comprises the solution 
set of the quadratic trigonometric equation. 

(c) Solve each equation and state the solution set of the quadratic trigonometric equation. 
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Exercise #3:  For the interval 0 360θ° °≤ ≤  solve 216cos 1 0θ − = .  Round all answers to the nearest tenth of a 
degree. 
 
 
 
 
 
 
 
 
 
 
 
Exercise #4:  Solve the equation 23sin 14sin 8 0α α+ + =  for all values on the interval 0 360α° °≤ ≤ .  Round 
all answers to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
 
 
 
 
We can also be expected to solve quadratic trigonometric equations that happen to be incomplete. 
 

Exercise #5:  For the interval 0 360θ° °≤ ≤  solve 22sin 1 0θ − = . 
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1. Solve each of the following quadratic trigonometric equations for all values of x on the interval 
0 360x° °≤ ≤ .  Express any non-integer solutions to the nearest tenth of a degree. 

 

 (a) 24sin 1 0x − =   (b) 23cos cos 2 0x x+ − =  
 
 
 
 
 
 
 
 
 
 
 
 (c) 5sin cos 2sin 0x x x+ =  (d) 24cos 3 0x − =  
 
 
 
 
 
 
 
 
 
 
 
 (e) 2sin 6sin 5 0x x+ + =   (f) 22cos 7cos 3 0x x+ + =  
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2. Which of the following is not a solution to 2 1cos 4x = ? 
 

 (1) 60°  (3) 150°  
 

 (2) 240°  (4) 120°  
 
4. Which of the following trigonometric equations has no real number solutions? 
 

 (1) 2sin 4 0x − =  (3) 2sin sin 0x x+ =  
 
 (2) 2sin 1 0x − =  (4) 2sin 5sin 0x x+ =  
 
5. Which of the following represents the largest solution, on the interval 0 360α °≤ ≤ , to the equation 

2sin cos cos 0x x x+ = ? 
 

 (1) 180°  (3) 270°  
 

 (2) 300°  (4) 330°  
 
6. If the curves 2sin  and siny x y x= =  were graphed over the interval 0 360x °≤ ≤ , at what coordinate points 

would they intersect?  Algebraically determine your answer. 
 
 
 
 
 
 
 
 
 
7. Algebraically determine the x-intercepts of the function 22cos 1y x= −  on the interval 0 360x °≤ ≤ . 
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Equations that are true (check) for every value of their input variable(s) are known as identities.  The most 

important trigonometric identity you have already seen, the Pythagorean Identity: 

 

 

 

 
 

So useful is this identity that it must be memorized.  It primary use is to produce the value of either sine or 

cosine if the other is known. 
 

Exercise #1:  The angle   has its terminal ray in the second quadrant and 
5

sin
13

  .  Algebraically determine 

the value of cos . 

 

 

 

 

 

There are many, many other trigonometric identities.  Their derivation and memorization are left for a future 

course.  In the rest of this lesson, we will work with the sum and difference identities for sine and cosine. 

 

 

 

 

 
 

Exercise #2:  Find an expression for the exact value of  sin 75  in simplest radical form. 

 

 

 

 

 

 

Exercise #3:  Determine the value of  cos 15  in simplest radical form. 

 

 

 

 

 

  

TTHHEE  PPYYTTHHAAGGOORREEAANN  IIDDEENNTTIITTYY  
 

2 2sin cos 1  for any value of      

TTHHEE  SSUUMM  AANNDD  DDIIFFFFEERREENNCCEE  IIDDEENNTTIITTIIEESS  
 

         

         

sin sin cos sin cos

sin sin cos sin cos

A B A B B A

A B A B B A

  

  
  

         

         

cos cos cos sin sin

cos cos cos sin sin

A B A B A B

A B A B A B

  

  
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Exercise #4:  For two angles,  and   , it is known that 0 90    and 90 180   .  If 
3

cos
5

   and 

7
sin

25
   find the following values in simplest form. 

 

(a) sin   (b) cos  

 

 

 

 

 

(c)  sin     (d)  cos    

 

 

 

 

 

(e)  sin 2   (f)  cos 2  

 

 

 

 

 

Exercise #5:  Which of the following is equivalent to        cos 100 cos 20 sin 100 sin 20    ? 

 

 (1)  cos 120  (3)  sin 120  

 

 (2)  cos 80  (4)  sin 80  

 

Exercise #6:  Which of the following is not equivalent to sin 70
? 

 

 (1) 
21 cos 70  (3) sin 40 cos30 sin30 cos40     

 

 (2) sin80 cos10 sin10 cos80     (4) sin60 cos10 sin10 cos60     

 

TTHHEE  SSUUMM  AANNDD  DDIIFFFFEERREENNCCEE  IIDDEENNTTIITTIIEESS  ((AAGGAAIINN))  
 

         

         

sin sin cos sin cos

sin sin cos sin cos

A B A B B A

A B A B B A

  

  
  

         

         

cos cos cos sin sin

cos cos cos sin sin

A B A B A B

A B A B A B

  

  
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SSKKIILLLLSS  

 

1. Match each of the trigonometric values in column A with an equivalent expression in column B. 

 

 Column A  Column B 

 

  sin35   cos50 cos15 sin50 sin15     

 

  cos35
  sin50 cos15 sin15 cos50     

 

  sin 65
  sin50 cos15 sin15 cos50     

 

  cos65
  cos50 cos15 sin50 sin15     

 

2. Which of the following is equivalent to cos75 cos25 sin75 sin 25    ? 

 

 (1) sin100  (3) cos100
 

 

 (2) sin50
 (4) cos50

 

 

3. Which of the following gives the exact value of cos75
? 

 

 (1) 
6 2

4


 (3) 

3 2

2


 

 

 (2) 
1 3

4


 (4) 

2 6

2


 

 

4. The value of sin80
 can be expressed in terms of sin 40  and cos40 

 as 
 

 (1) 
2 2sin 40 cos 40   (3) 2sin 40 cos40 

 

 

 (2) 
21 cos 40  (4) 

2 2sin 40 cos 40    

TTHHEE  SSUUMM  AANNDD  DDIIFFFFEERREENNCCEE  IIDDEENNTTIITTIIEESS  ((YYEETT  AAGGAAIINN))  
 

         

         

sin sin cos sin cos

sin sin cos sin cos

A B A B B A

A B A B B A

  

  
  

         

         

cos cos cos sin sin

cos cos cos sin sin

A B A B A B

A B A B A B

  

  
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5. For two angles, A and B, it is known that 90 180  and 270 360A B       .  If 
12

cos
13

A    and 

4
cos

5
B   then find each of the following values in exact, simplest form. 

 

 (a) sin A   (b) sin B  

 

 

 

 

 

 (c)  sin A B   (d)  sin A B  

 

 

 

 

 

 (e)  cos A B   (f)  cos A B  

 

 

 

 

 

6. For two angles,  and   , it is known that 0 90  and 90 180        .  If 
5

sin
3

   and 
1

sin
2

   

then find  sin    in simplest radical form. 

 

 

TTHHEE  SSUUMM  AANNDD  DDIIFFFFEERREENNCCEE  IIDDEENNTTIITTIIEESS  ((YYEETT  AAGGAAIINN))  
 

         

         

sin sin cos sin cos

sin sin cos sin cos

A B A B B A

A B A B B A

  

  
  

         

         

cos cos cos sin sin

cos cos cos sin sin

A B A B A B

A B A B A B

  

  
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In this lesson we will develop and use identities that relate the sine and cosine of an angle to that of twice its 
measure.  These identities, which are useful in calculus and equation solving, are known as the Double Angle 
Identities.   
 
 
 
 
 
 
 
 

Exercise #1:  Using the sum identities shown below, derive the identity for (a) ( )sin 2A  and (b) the first 

identity for ( )cos 2A . 
 

(a) ( )sin sin cos sin cosA B A B B A+ = +  (b) ( )cos cos cos sin sinA B A B A B+ = −  

 
 
 
 
The other two identities for ( )cos 2A  are found by substituting the Pythagorean Identity into the first identity 

for ( )cos 2A .  These derivations will be left for the homework. 

 
Exercise #2:  Verify the identity for ( )sin 2A  using 30A °=  and 2 60A °= . 

 
 
 
 

Exercise #3:  For an angle α  it is known that 90 180α° °< < .  If 3cos 5α = −  then find: 
 

(a) ( )sin 2α  (b) ( )cos 2α  

 
 
 
  

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −
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Exercise #4:  For the angle A it is known that 180 270A° °< <  and 11sin 6A = − .  Find the following: 
 

(a) sin 2A  (b) cos 2A  
 
 
 
 
 
 
 
 
Exercise #5:  Which of the following is equivalent to 2sin 50 cos50° ° ? 
 

 (1) sin 25°  (3) cos100°  
 

 (2) sin100°  (4) cos 25°  
 
Exercise #6:  Which of the following is not equal to cos80° ? 
 

 (1) 21 sin 80°−  (3) 22cos 160 1° −  
 

 (2) 21 2sin 40°−  (4) 2 2cos 40 sin 40° °−  
 
Exercise #7:  If cos 0.28α =  then cos 2α  is closest to 
 

 (1) 0.56  (3) 0.68−  
 

 (2) 0.14  (4) 0.84−  
 
Exercise #8:  The value of cos130°  is equal to 
 
 (1) 21 sin 130°−  (3) 22cos 260 1° −  
 
 (2) 21 2sin 65°−  (4) 2cos 65°  
 
 

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −
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SSKKIILLLLSS  
 

1. Which of the following is equal to the expression 22cos 60 1° − ? 
 

 (1) cos30°  (3) cos120°  
 

 (2) sin 30°  (4) sin120°  
 
2. Which of the following is equal to sin10° ? 
 

 (1) 21 2sin 20°−  (3) 2sin 5 cos5° °  
 

 (2) 2sin 20 cos 20° °  (4) 2 2cos 5 sin 5° °−  
 
3. Which of the following is not equal to cos50° ? 
 

 (1) 21 sin 50°−  (3) cos310°  
 

 (2) 22cos 100 1° −  (4) 21 2sin 25°−  
 

4. If 1cos 3α =  then ( )cos 2α = ? 
 

 (1) 7
9−  (3) 2

3−  
 

 (2) 5
9−  (4) 3

3−  

 

5. If ( ) 590 180  and cos 2  then sin8A A A° °< < = = ? 
 

 (1) 3
8  (3) 3

4  
 

 (2) 6
2  (4) 5

7  

  

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −
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6. For an angle β  it is known that 90 180β° °< <  and 5cos 13β = − .  Find in simplest form: 
 

 (a) ( )sin 2β  (b) ( )cos 2β  

 
 
 
 
 
 

7. For an angle θ  it is known that 2cos  and 270 3604θ θ° °= < < .  Find in simplest form: 
 

 (a) ( )sin 2θ  (b) ( )cos 2θ  

 
 
 
 
 
 
RREEAASSOONNIINNGG  
 
8. We saw in the lesson where the first identity for ( )cos 2A  comes from.  By combining this identity with the 

Pythagorean Identity, 2 2cos sin 1A A+ =  the other two can be found. 
 
 
 

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −

 

(a) By substituting the Pythagorean Identity  
2 2sin 1 cosA A= −  into the first identity for  
( )cos 2A , derive the second identity for ( )cos 2A . 

(b) By substituting the Pythagorean Identity  
2 2cos 1 sinA A= −  into the first identity for 
( )cos 2A , derive the third identity for ( )cos 2A . 
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Some special types of trigonometric equations can only be solved algebraically by substitution of an appropriate 
trigonometric identity.  Since an identity is a true equality for all values of the variable, the principle of 
mathematical substitution allows us to interchange these equal quantities.  The main identities that you will 
need are as follows.  Note that the Pythagorean Identity should be memorized.   
 
 
 
 
 
 
Exercise #1:  Solve the equation ( )sin 2 cos 0A A− =  for all values of A on the interval 0 360A° °≤ ≤ . 

 
 
 
 
 
 
 
 
 
 
 
When a substitution of ( )sin 2A  is needed, the choice is straightforward, because there is only one identity.  It is 

more difficult when a choice must be made for ( )cos 2A .  In general, if you can avoid mixing sines and cosines 

upon substitution, do so. 
 

Exercise #2:  Solve the equation ( )cos 2 5cos 3 0A A+ + =  for all values of A on the interval 0 360A° °≤ ≤ . 

 
 
 
 
 
 
 
 
 
 
  

TTRRIIGGOONNOOMMEETTRRIICC  IIDDEENNTTIITTIIEESS  FFOORR  EEQQUUAATTIIOONN  SSOOLLVVIINNGG  
 

( )

2 2sin cos 1

sin 2 2sin cos

A A

A A A

+ =

=

 ( )

( )

2

2

cos 2 2cos 1

cos 2 1 2sin

A A

A A

= −

= −
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The Pythagorean Identity is particularly useful when the quadratic term of an equation needs to be replaced. 
 

Exercise #3:  Solve the equation 2cos 4sin 4 0x x+ + =  for all values of x on the interval 0 360x° °≤ ≤ . 
 
 
 
 
 
 
 
 
 
 
 
Sometimes the substitution is used to create an incomplete quadratic equation, as seen in the next exercise. 
 

Exercise #4:  Solve the equation ( )3cos 2 2θ =  for all values of θ  on the interval 0 360θ° °≤ ≤ .  Express all 

answers to the nearest tenth of a degree.  Note that there are multiple ways to solve this problem. 
 
 
 
 
 
 
 
 
 
 
 
Exercise #5:  Show that the trigonometric equation ( ) 2cos 2 3sin 6sin 7 0α α α+ − + =  does not have any 

solutions. 
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SSKKIILLLLSS  
 
1. Find all values of θ  on the interval 0 360θ° °≤ ≤  that solve ( )sin 2 sinθ θ= . 

 
 
 
 
 
 
 
 
 
2. Determine all values of x on the interval 0 360x° °≤ ≤  that satisfy ( )cos 2 0x = . 

 
 
 
 
 
 
 
 
 
3. Solve the equation ( )cos 2 3sin 2 0A A− − =  for all values of A on 0 360A° °≤ ≤ . 

 
 
 
 
 
 
 
 
 
 

TTRRIIGGOONNOOMMEETTRRIICC  IIDDEENNTTIITTIIEESS  FFOORR  EEQQUUAATTIIOONN  SSOOLLVVIINNGG  
 

( )

2 2sin cos 1

sin 2 2sin cos

A A

A A A

+ =

=

 ( )

( )

2

2

cos 2 2cos 1

cos 2 1 2sin

A A

A A

= −

= −
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4. Solve the equation ( )4sin 2 3cos 0θ θ− =  for all values on the interval 0 360θ° °≤ ≤ .  Express any non-

integer answers to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
 
5. Find all values of x over the interval 0 360x° °≤ ≤  that solve 23sin 5cos 1 0x x− − = .  Express all answers 

accurate to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
 
6. Solve the equation ( )5cos 2 3 0α + =  for all values of α  on the interval 0 360α° °≤ ≤ .  Round all answers 

to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
7. Find all solutions to ( )cos 2 7cos 6 0β β− + =  over the interval 0 360β° °≤ ≤ . 
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Although algebraic techniques can be used to solve trigonometric equations, they can also be solved graphically 
using our calculators.  Intelligent windows and proper sketches are necessary when employing this technique.  
We will start with a simple example where the graph window and axes are provided. 
 
Exercise #1:  Graphically solve the equation 2cos 1 0x + =  for all values of x on the interval 0 360x° °≤ ≤ .  
Sketch and label a graph to justify your answers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Graphical techniques are most useful to solve equations that are more difficult, such as the quadratic equations 
and especially those involving trigonometric substitutions.  The next exercise again provides you with an 
appropriate window and axes. 
 
Exercise #2:  Graphically solve the equation 215cos 7cos 2 0x x− − =  for all values of x on the interval 
0 360x° °≤ ≤ .  Express all answers accurate to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
 
 
 
 
  

y 

x 

4 

4−  

360°  

20 

5−  

360°  

y 

x 



AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY,,  UUNNIITT  ##88  ––  TTRRIIGGOONNOOMMEETTRRIICC  AALLGGEEBBRRAA  ––  LLEESSSSOONN  ##77  
eeMMAATTHHIINNSSTTRRUUCCTTIIOONN,,  RREEDD  HHOOOOKK,,  NNYY  1122557711,,  ©©  22000099  

Most often, when a student is solving an equation graphically, it will be up to the student to draw the axes and 
decide on an appropriate window.  The next few exercises provide practice with these important skills. 
 

Exercise #3:  Graphically solve the equation 23cos 7cos 6 0α α− − =  for all values on 0 360α° °≤ ≤ .  Round 
all answers to the nearest tenth of a degree.  Be sure to label all appropriate portions of your graph (your 
window, your curve, your intercepts, etc.) 
 
 
 
 
 
 
 
 
 
 
Exercise #4:  Graphically find all solutions to ( )3sin 2 cos 0θ θ− =  over the interval 0 , 360° °   .  Round all 

non-integer answers to the nearest tenth of a degree. 
 
 
 
 
 
 
 
 
 
 
Some graphing windows can be a challenge and might require multiple adjustments to find all of the roots of an 
equation. 
 

Exercise #5:  Graphically solve 22cos 3sin 3 0x x− − =  for all values of x on 0 360x° °≤ ≤ . 
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1. Which of the following represents the largest solution, on the interval 0 360x° °≤ ≤ , of the trigonometric 

equation 23sin 1 0x − =  to the nearest degree? 
 

 (1) 215°  (3) 341°  
 

 (2) 325°  (4) 285°  
 
2. The solution set of 22sin 3sin 2 0x x+ − =  on the interval 0 , 360° °   ? 
 

 (1) { }45 ,135° °  (3) { }30 ,150° °  
 

 (2) { }30 , 330° °  (4) { }60 , 240° °  

 
3. Which of the following sets represents all solutions to 2cos cosx x=  on the interval )0 , 360° ° ? 
 

 (1) { }0 ,180 , 270° ° °  (3) { }90 , 270° °  
 

 (2) { }0 , 90 , 270° ° °  (4) { }90 , 360° °  

 
4. The smallest solution to ( )cos 2 cos 1 0x x− + =  on the interval 0 360x° °≤ ≤  is 
 

 (1) 60°  (3) 15°  
 

 (2) 30°  (4) 90°  
 
5. How many solutions does the equation ( )sin 2 2sin 0α α+ =  have on the interval 0 360α° °≤ ≤ ? 
 

 (1) 1 (3) 3 
 

 (2) 2 (4) 4 
 
6. Which of the following represents the number of solutions to 22cos cos 1 0x x− − =  on the half-closed 

interval )0, 360° ? 
 

 (1) 1 (3) 3 
 

 (2) 2 (4) 4 
  



AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY,,  UUNNIITT  ##88  ––  TTRRIIGGOONNOOMMEETTRRIICC  AALLGGEEBBRRAA  ––  LLEESSSSOONN  ##77  
eeMMAATTHHIINNSSTTRRUUCCTTIIOONN,,  RREEDD  HHOOOOKK,,  NNYY  1122557711,,  ©©  22000099  

7. Solve each of the following trigonometric equations graphically for all values of x on the interval 
0 360x° °≤ ≤ .  Round all non-integer answers to the nearest tenth of a degree.  In each case provide a graph 
that justifies your solution.  Include on each of your graphs the equation of any curves sketched, the window 
you used, and any intersections or intercepts needed for solution.  Don’t forget to state the solution set. 

 

 (a) 22sin 1 0x − =   (b) 212cos 5cos 2 0x x− − =  
 
 
 
 
 
 
 
 
 
 
 
 (c) 25sin 2sin 0x x+ =   (d) ( )2sin 2 1x =  

 
 
 
 
 
 
 
 
 
 
 
8. Solve the following equation over the interval 0 360x° °≤ ≤  graphically.  Show an appropriate graph that 

justifies your solution.  Round your final answers to the nearest tenth of a degree. 
 
 ( )5cos 2 2 4sin 3x x+ = +  
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