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Exercise#4: If g(x)=3x-2andf (x)= 2XX+51 then find:
+

@ 1(9(-2) ®) £(9(2) © 1(9(x)

Exercise #5: Find formulas for the inverse of each of the following simple rational functions below. Recall
that as a first step, switch the roles of xand y.

X X+3
A b) y=——°
@ y=— (b) y=""
x-1 2x-1
© y=—: (d) y=
X+ xX—4
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Name: Date:

INTRODUCTION TO RATIONAL FUNCTIONS
ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK

XILLS
. . . . . X+3
1. Which of the following values of x is not in the domain of f (x) = ?
X_
(1) x=-7 (3) x=3
(2) x=7 (4) x=-3
. . ) . ) 4x-1
2. Which of the following values of x is not in the domain of g(x)= il ?
X+
1 1
1) X=—= 3) x==
(1) x=-3 (3) x=7
(2) x=-1 (4) x=-3
3. Which values of x, when substituted into the function y=— e would make it undefined?
X +8x
(1) x=2and 8 (3) x=-4and 4
(2) x=—4and 8 (4) x=—4and 0
. . . x? —4
4. Which of the following represents the domain of y=———-—7
X°+5x-14
(1) {x|x==+2} (3) {x|x=—4and 14}
(2) {x|x=-7and 2}  (4) {x|x=-5and 14}
. . . 3x-1
5. Which of the following represents the domain of g(x) = m’?
X" —X—

a){mx¢%} G){Mx¢—%¢md5}

2 {x|x¢—% and %} 4 {x|x¢—2 and g}

X’ —4
6. If f(x)=2x+7andg(x)= T then g( f (-5))="?
1) -1 3) 6
(2) 2 4) -3
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3x-2

7. 1f f(x)= and g(x)=4x—1thenf(g(x)):?
7X-3 12x-5
1 3
T ) ax—2
12x-9 5x—4
2 4
® x—2 4 =
8. The y-intercept of the rational function y= 2X+;5
X—
(1) 15 (3) -3
(2) -5 (4) 12

9. Find formulas for the inverse of each of the following rational functions.

5x
a) y=——
@ y=-—

2

10. Consider the rational function y =

X2 +1°
(a) Find the function’s y-intercept algebraically.

(b) Find the function’s x-intercepts algebraically.

_ 3X+2
X+4

(c) Sketch the function on the axes below.
Clearly label your x and y intercepts.

1047
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Name: Date:

INVERSE VARIATION
ALGEBRA 2 WITH TRIGONOMETRY

The graphs of rational functions are complex and their analysis is left for higher-level courses. In this lesson,
we will explore one type of rational relationship, what is known as inverse variation. As the name implies,
when two variables vary inversely, as one increases the other decreases. The first exercise illustrates the
mathematics involved.

Exercise #1: When two people sit on a see-saw, in order to balance themselves they must adjust the distance, d,
they are away from the fulcrum (balancing point) according to their weights, w. For two people, this takes on
the equation:

w,-d, =w, -d,

In this formula, w, and w, represent the weights of the two people and d, and d, represent their respective
distances from the fulcrum.

(@) How far from the fulcrum must a man who (b) If the boy’s 80 pound cousin now gets on the
weighs 160 pounds sit if his 50 pound son is see-saw, then how far must the cousin sit from
sitting 16 feet from the fulcrum? the fulcrum if the boy has not changed his

position?

When two variables vary inversely, then their product always remains constant throughout a particular
problem.

Exercise #2: For each of the following, x and y vary inversely. Determine the missing value.
(@ x=2,y=9 (b) x=3,y=12 (c) x=8,y=10

X=6,y=" X=?,y=6 X=2,y="?

Exercise #3: If two variables w and z vary inversely then when

(1) wis increased by 3, z is decreased by 3.
(2) wis increased by 3, z is increased by 3.
(3) w is multiplied by 3, z is divided by 3.
(4) w is multiplied by 3, z is multiplied by 3.
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Exercise #4: The force needed to pry a nail from a piece of wood varies inversely with the length of the
crowbar used to remove the nail. If a 6 inch long crowbar requires 15 pounds of force, how many pounds are
required by an 18 inch long crowbar?

Exercise #5: The amount of time that it takes for Carla to drive home from work each day varies inversely with
the speed at which she is driving. If it takes her 45 minutes to drive home in rush hour traffic when she is
moving at only 15 miles per hour, how much time does she save if she can drive traffic free at 50 miles per
hour?

We should also familiarize ourselves with the graph of xy =k .

Exercise #6: Consider the equation xy =8.

(@) Rewrite this equation in function (y =) form.

v

(b) Using a table of values on your calculator, sketch the graph
on the grid given.

(c) Why is there an error in the table at x=07?
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Name: Date:

INVERSE VARIATION
ALGEBRA 2 WITH TRIGONOMETRY - HOMEWORK

SKILLS

1. If xandy vary inversely and y=4 when x=5 then x=2 when y="?
(1) 10 (3) 7
(2) 5 (4) 20

2. If an inverse relationship exists between L and W and W =45 when L =20 thenif L=60, W =?
(1) 135 3)5
(2) 85 (4) 15

3. Ineach case below, the two variables given are inversely related. Find the missing value.
(@ x=15, y=10 (b)W:%,yzzo (c) a=50,b=25

Xx=3,y="? a=10,b="?

w=?y=5

4. Which of the following equations would represent an inverse relationship between x and y?

(1) y =5x @ y=2
X
@ y=x (4) y=5-x

APPLICATIONS

5. If Carlos sits 3 feet from the fulcrum of a see-saw, how far from the fulcrum must his baby-sister who
weighs three-times his weight sit?

(1) 1 foot (3) 3 feet
(2) 6 feet (4) 9 feet
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6. Inan ideal gas, if the temperature is held constant, the pressure and volume of a gas will vary inversely. A
particular gas has a volume of 120 cubic inches at a pressure of 8 pounds per square. What volume will the
gas have, in cubic inches, if the pressure is increased to 32 pounds per square inch?

7. As the weight of a car increases, its fuel economy, the number of miles it can travel per gallon of gasoline,
will decrease. These two variable, weight and fuel economy, are inversely related. If a 5000 pound car gets
only 12 miles per gallon, what will be the fuel efficiency, in miles per gallon, of a 2000 pound car?

8. A G.L.S. mapping service is trying to determine a relationship between the time, t, it takes for a person to
drive from Albany, NY, to Buffalo, NY, and the person’s average speed, S. Since this trip is a set distance,

these two variables vary inversely. They know it will take a person traveling 50 miles per hour 6 hours to
travel from Albany to Buffalo.

Time, t,
4 (hrs)
(a) Write an equation relating t and s. 20
20
(b) Graph this equation on the grid to the right.
10
Speed, s

10 20 30 40 50 60 70 80 (mph)
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Name: Date:

SIMPLIFYING RATIONAL EXPRESSIONS
ALGEBRA 2WITH TRIGONOMETRY

Simplifying a rational expression into its lowest terms is an extremely useful skill. You should be familiar with
it from your first course in algebra. The basic principle is reviewed in Exercise #1.

Exercise#1: Recall that to multiply fractions, one simply multiplies their numerators and denominators.

2
L . . . L . . -9 .
(a) Simplify the numerical fraction % by first (b) Simplify the algebraic fraction ;(x+6 by first
expressing it as a product of two fractions, one expressing it as the product of two fractions
of which is equal to one. (factor!), one of which is equal to one.

Every time we simplify a fraction, we are essentially finding all common factors of the numerator and
denominator and dividing them to be equal to one. Key in this process is that the numerator and denominator
must be factored and only factors cancel each other. This is true whether our fraction contains monomial,
binomial, or polynomial expressions.

Exercise#2: Simplify each of the following monomials dividing other monomials.

3x°y° 20x°y?

X%y
b
6x3y’ (b) 42

21x°y°

(a) (©)

6,3

Exercise #3. Which of the following is equivalent to X—Zye’?
Xy
2x° 2x’
1) — 3) —
(1) 3y (3) 3y
3x° 3x?
@) = @ =
2y 2y
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When simplifying rational expressions that are more complex, always factor first, then identify common factors
that can be cancelled.

Exercise#4. Simplify each of the following rational expressions.

x* +5x—-14 4x% -1 3x° +14x+8
Q) ———— b o) i
@) X2 —4 (b) 10x-5 © x> —16

A special type of simplifying occurs whenever expressions of the form (x—y) and (y—x) are involved.

Exercise#5: Simplify each of the following fractions.

(a) 9-6 b 15-3 a-b

6-9 ®) 371 © o

QD

Exercise #6: Which of the following is equivalent to 2;(_18 ?
—X

-2 X+5

1) — 3) —

@) X+5 ) 2
2—-X 2

2) — 4) —

(@ = )

2 f—
Exercise#7: Which of the following is equivalent to m?

18-6X%
(1) X3 @)5g§
X-3 3-Xx
@75 W5
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Name:

SKILLS

Date:

SIMPLIFYING RATIONAL EXPRESSIONS
ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK

1. Write each of the following ratios in simplest form.

(a)

2. Which of the following is equivalent to the expression e

Xy

5x8
20x?

4

X
(1) 3

(2)

3y?
N

—12y°
8y*

(b)

33
Q@) —
y

X3
4) 2
()3y2

3. Simplify each of the following rational expressions.

(a)

(d)

£

x? —25 b X2 +11x+ 24
— (b) — = a

4x—20 X -9
9x* -4 @© 7x> —42x

3 +4x—4 X2 +2x—48

6X10 y2
15x*y°

6

4

6 °

24Xy’
12x°y*°

(d)

4% -1

C N —
© 5x—10x%°

2x* —3x-5

) 25— 4x°
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X —9x+18 ?

4. Which of the following is equivalent to the fraction >

15x—-5x
X—3 6—X
1) — 3) —
@) 5X ®) 5X
X+6 —-X—6
2) —— 4
(2) Ex (4) e
2
5. The rational expression ZX;L—?):LG can be equivalently rewritten as
X —
2X+3 2x—-3
1 3
(1) 2 ©) 7 %
2X+1 3-2X
2 4
@) X—6 ) X+2
yz — ¥
6. Written in simplest form, the fraction is equal to
SX—5Yy
(1) 5y-5x ®3) @
y—X X-y
2) —— 4) —=
) c (4) c
REASONING

7. When we simplify an algebraic fraction, we are not truly producing completely equivalent expressions.
xX? —4 X X+ 2

Consider the expressions nd
4x-8 4
(@) Show by simplifying the first expression that (b) Are both of these expressions defined for all
these two are equivalent. values of x? If not, which fraction is restricted

and at what x-value(s) is it restricted?
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Name: Date:

MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS
ALGEBRA 2WITH TRIGONOMETRY

Multiplication of rational expressions follows the same principles as those involved in simplifying them. The
process is illustrated in Exercise #1 with both a numerical and algebraic fraction. Notice the parallels.

Exercise #1. Simplify each of the following rational expressions by factoring completely. For the numerical
fraction, make sure to prime factor all numerators and denominators.

6 10 x> —4  3x*+15x
) —— b .
@) 8 3 (b) X2 —x—6 6x°—-12x

The ability to “cross-cancel” with fractions is a result of the two facts: (1) to multiply fractions we multiply
their respective numerators and denominators and (2) multiplication is commutative. The keys to
multiplication, then, are the same as that for simplifying — factor and then reduce.

Exercise#2: Simplify each of the following products.

@ 8y’ 10%° (0) 6xy° 10xy*

3 3 5,2 5.,7

5x° 6y 4xy* 99X’y
X +12X X" —4X— -X X® —4x
(C)2212_24 12 () 9-x° Ax* -4

Ax+8  x2—36 2% —6x2 X +2x-3
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Division of rational expressions continues to follow from what you have seen in previous courses. Since
division by a fraction can always be thought of in terms of multiplying by it reciprocal, these problems simply
involve an additional step.

Exercise #3: Perform each of the following division problems. Express all answers in simplest form.

15x*  5%° 30y° 24y’
(a) s (0) S L=
6y’ 2y 20x 8X
2 2 2
©) X" +2x-8 x°-16 (d) 9x"-1  5-15x

8x—16  2x+10 3C+7x+2 X2 —5x—14

2_
Exercise#4: When =2 is divided by 2> the result is
3X 9x
X+5 x—20
1) X2 3
W o7 ®) =3
2) 3x—15 (4) 9x—5
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Name: Date:

MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS
ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK

SKILLS

1. Express each of the following products in simplest form.

12x* 15y 14a® 10b° 4x* 3y’ 307

a . b P c . .
@ 5y® 30x° (b) 15p° 21a° © 97 10x* 8y°

2. Write each of the following products in simplest form.

9x*-16 8x+8 X2 —x-12 x*+2x-15

a . b
@) 12x+16 3x*—x—4 (b) x> +8x+15 16-X%°

2X° +7Xx—4 12X° —24X X2 —Tx—8 3x* —4x+1

c . d .
© 8 —4x* X +6Xx+8 (@ 1-x? 9x* —1
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0 2

3. When 22X is divided by 2% the result is
2y 6y"
8
1) 2%y 3) X
(1) 2x°y 3) 3y
3 x*
2) 2y 4) 2y

4. Express the result of each division problem below in simplest form.

5% —10x*> X*—-5Xx+6 24-18x  2X*+2X
@ — +— (b) —; +—
10x° +40x Xx°+x-12 Ox°-16 3X"+7x+4

XX —6x+8 4x*-1 49— x? x> +2x—35
(c) = (d) =
X' —6x  2x°— ¥ X —9x+14  6-3x
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Name: Date:

COMBINING RATIONAL EXPRESSIONSWITH ADDITION AND SUBTRACTION
ALGEBRA 2WITH TRIGONOMETRY

Occasionally it will be important to be able to combine two or more rational expressions by addition. Keep in
mind two key principles that dictate fraction addition.

TwO GUIDELINES FOR ADDITION AND SUBTRACTION OF FRACTIONS

1. Fractions must have a common denominator. 2. Denominators can only be changed by multiplying
the overall fraction by one.

Exercise #1: Combine each of the following fractions by first finding a common denominator. Express your
answers in simplest form.

2X-5 N 4X+2 (b) 4x -1 N X+5 ©) i N i

a
Q 4x 6X 5x 10 4x  2X°

Each of the combinations in Exercise #1 should have been reasonably easy because each denominator was
monomial in nature. If this is not the case, then it is wise to factor the denominators before trying to find a
common denominator.

Exercise #2: Combine each of the following fractions by factoring the denominators first. Then find a
common denominator and add.

4 5 X—3 2

a + b +
@ 5y-15  y*-9 (®) X*—9x+20 x*—6x+8
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Subtraction of rational expressions is especially challenging because of errors that naturally arise when students
forget to distribute the subtraction (or the multiplication by -1). Still, with careful execution, these problems are
no different than their addition counterparts.

Exercise #3: Perform each of the following subtraction problems. Express your answers in simplest form.

3X+7 X+3 X—3 2
Q) ————— b -
(@) XX—4 x-4 (b) 4x* -1 10x+5
X 6 X—2 8

(©)

(d)

2 —4 X2 +8x—20 X2 +5X+4 X2 +12X+32

Exercise #4: Which of the following is equivalent to Ll—l ?
x-1 x

X

1) — 3

D ©®) =
1 X

2 4

@) ) =
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Name: Date:

COMBINING RATIONAL EXPRESSIONSWITH ADDITION AND SUBTRACTION
ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK

XILLS
1. Combine each of the following using addition. Simply you result whenever possible.

3x-1 2X+5 X 1 3 5
a + b) — + — c) — +
@) 6 9 (b) 10  15x © 7x 14X

2. Combine and simplify each of the following. Note that each pair of fractions already has a common
denominator.

3x+7  2x+3 5x+2 3x+8 6x°—8x  4X*+2X
(a) + (b) - © — -
X+2 X+ 2 4x-12 4x-12 X —=25 X°—-25

3. Combine each of the following using addition. Simplify your final answers.

X 2X-3 X—4 2
_l’_

a b +
Q 5x+25  x*—3x—40 (b) x> —24x+128  x*—12x+32

ALGEBRA 2WITH TRIGONOMETRY, UNIT #6 —POLYNOMIAL AND RATIONAL FUNCTIONS—L ESSON #7
eMATHINSTRUCTION, RED HoOK, NY 12571, © 2009



4. Which of the following represents the sum of L and i?
x+1 x-1
2X 2
1 3) —
@) x> -1 @ x—1
1 2X
2) — 4
@) X @ X% +1
2_
5. When the expressions ); 82X and 3X+? are added the result can be written as
—X —X
X—5 2—X
1) — 3) —
@) X—3 ) X+3
X+2 X+7
2) —— 4) —
) 3 (4) 3

6. Express each of the following differences in simplest form.

(a) X+ 2 B 4 (b) 2X+3 B 3
x> +4x-32  x*-16 8X° +6x+1  2x°—x-1

7. When 7x+14 is subtracted from 2x=6 the result can be simplified to
3x+12 3x+12
5 10
1) —— 3) —
(D) -3 @) 3
2 7
2) ——= 4) —
(2) =3 () 3
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Name: Date:

COMPLEX FRACTIONS
ALGEBRA 2WITH TRIGONOMETRY

Complex fractions are simply defined as fractions that have other fractions within their numerators and/or
denominators. To simplify these fractions means to remove these minor fractions and then eliminate any
common factors. The key, as always, is to multiply by the number one in ways that simplify the fraction.

1,1
Exercise#1: Consider the complex fraction 9 118 :
3
(a) What is the least common denominator amongst (b) Multiply the numerator and denominator of the
the three minor fractions? major fraction by your answer in part (a) and

then simplify your result.

(c) Why is it acceptable to perform the operation in
part (b)? What number are you effectively
multiplying by?

By multiplying the major fraction by the number one, by using the least common denominator, we will always
eliminate the minor fractions (by turning them into integer expressions).

Exercise#2: Simplify each of the following complex fractions.

3,1
84x
© 73
2X 4
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These types of problems can certainly involve more complicated secondary simplification. Don’t forget the
primary use of factoring in order to simplify.

Exercise #3: Simplify each of the following complex fractions.

1.2 2.2 x, 1.2

2
(& ——% () % ( £8-X
2x X 5X X2 12 3x

If the denominators of the minor fractions become more complex, be sure to factor them first, just as you did
with the addition and subtraction in the previous lesson.

Exercise#4. Simplify each of the following complex fractions.

4 , 2 x 1

X+2 x-4 X+6 X+2
@ o O

X2 —2x—8 X* +8x+12
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Name:

Date:
COMPLEX FRACTIONS

ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK
SKILLS

1. Simplify each of the following numerical complex fractions

1.3 5.1 3.1
4 20 8 6 4 5
(@ T (b) 1 (© -1
2 3 4
2. Simplify each of the following complex fractions.
1,1 ;1 11
23X 2X 8 2x
(@ 3.1 (b) : (© 11
— 1+— ——
10 5x 12x 3Xx
3. Simplify each of the following complex fractions.
S5 x_ 1 2 3.3
X X 10 10 x 4x
@ 3= ) S5 © —5
3 X 2 10 8x°
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4. Simplify each of the following numerical complex fractions.

X N 4 3x+2_ 8
Xx—4 x-10 X=1 Xx-4

@ 50 O o 1ax
x> —14x+ 40 x> —5x+4

5. Which of the following is equivalent to X 11 X 9
X2 =X
X
D1 @) —
x-1
@ = (4) x—x
x-1
REASONING

6. Since one can multiply by the number 1 at any point in an expression, simplify the following complex
fraction by simplifying the more minor complex fraction first, then continue

11
2
T 1
10x X1
2
11
10x 5x°
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SOLVING FRACTIONAL EQUATIONS
ALGEBRA 2WITH TRIGONOMETRY

Equations involving fractions or rational expressions arise frequently in mathematics. The key to working with
them is to manipulate the equation, typically by multiplying both sides of it by some quantity, that eliminates
the fractional nature of the equation. The most common form of this practice is “cross-multiplying.”

Exercise#1: Use the technique of cross multiplication to solve each of the following equations.

4x+5 x-1 X+1
a = —_ b _
(a) - (b) S —

2
2 X—6

Since this technique should be familiar to students at this point, we will move onto a less familiar method when
more than two fractions are involved. The next exercise will illustrate the process.

Exercise#2: Consider the equation 1—i:i.
2 4x  4x
(@) What is the least common denominator for all (b) Multiply both sides of this equation by the LCD
three fractions in this equations? to “clear” the equation of the denominators.

Now, solve the resulting linear equation.

It is very important to note the similarities and differences between this technique and the one employed to
simplify complex fractions. With complex fractions we multiplied by one in creative ways. Here we are
multiplying both sides of an equation by a quantity that removes the fractional nature of the equation.

Exercise #3: Which of the following values of x solves: X;4+X;2 = E?
6 10 15
(1) x=14 (3) x=-8
(2) x=6 (4) x=11
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These equations can involve quadratic as well as root expressions. The key, though, remains the same —
multiplying both sides of the equation by the same quantity.

Exercise#4. Solve each of the following equations for all values of x.

@ L1_12 o 1,31 1. 1
10 x 5x X 2 X X 4x 2x

Because fractional equations often involve denominators containing variables, it is important that we check to
see if any solutions to the equation make it undefined. These represent further examples extraneousroots.

Exercise#5: Solve and reject any extraneous roots.

X+1 18 9 4 x-1 1
+ > = (b) > =
X+5 X +8x+15 x+3 X +4x-12 X+6 x-2

(@)
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Name: Date:

SOLVING FRACTIONAL EQUATIONS
ALGEBRA 2WITH TRIGONOMETRY - HOMEWORK

SKILLS

1. Solve each of the following fractional equations. After “clearing” the denominators you should have a
linear equation to solve.

(a) X;2+X_+1:§ (b) E_i:ﬂ () i+£:3
3 6 2 2x 15 ©6x X+2 2

2. Solve each of the fractional equations for all value(s) of x.

12 3 1 1 1

a) X-8=—— hYy —+—=—+——
@) X (b) 4 2x 2x 3x
17 11 5x+8 x+10 13 11
© —-——= (d) - ==
X X+3 X+3 2 Xx+1 3
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3. Solve the following equation for all values of x. Express your answers in simplest a+bi form.

w

X X—
9 x-

|

4. Solve the following equation for all values of x. Be sure to check for extraneous roots.

x_1:1

Jx+11 Jx+11

5. Solve each of the following equations. Be sure to check for extraneous roots.

x+1 2 2 x-3 1 28
+ =— (b) ——=—
X-5 Xx-6 X -11x+30 X—7 X X -=7X

(a)
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