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Exercise #4:  For the angle A it is known that 180 270A° °< <  and 11sin 6A = − .  Find the following: 
 

(a) sin 2A  (b) cos 2A  
 
 
 
 
 
 
 
 
Exercise #5:  Which of the following is equivalent to 2sin 50 cos50° ° ? 
 

 (1) sin 25°  (3) cos100°  
 

 (2) sin100°  (4) cos 25°  
 
Exercise #6:  Which of the following is not equal to cos80° ? 
 

 (1) 21 sin 80°−  (3) 22cos 160 1° −  
 

 (2) 21 2sin 40°−  (4) 2 2cos 40 sin 40° °−  
 
Exercise #7:  If cos 0.28α =  then cos 2α  is closest to 
 

 (1) 0.56  (3) 0.68−  
 

 (2) 0.14  (4) 0.84−  
 
Exercise #8:  The value of cos130°  is equal to 
 
 (1) 21 sin 130°−  (3) 22cos 260 1° −  
 
 (2) 21 2sin 65°−  (4) 2cos 65°  
 
 

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −

 

( )

2
2 2

2

First we use the Pythagorean Identity:

11 11cos 1 cos 16 36

25 25 5cos cos36 36 6

11 5 115sin 2 2sin cos 2 6 6 18

A A

A A

A A A

 + − = ⇒ + = 
 

= ⇒ = − = −

  −= = − = 
 

 

This can be found in numerous ways: 

( )

( )

2 2

22

2

2

cos 2 cos sin

115 25 11 7
6 6 36 36 18

cos 2 1 2sin

11 11 71 2 1 26 36 18

A A A

A A

= −

 = − − − = − = 
 

= −

 = − − = − = 
 

 

( ) ( )sin 2 50 sin 100° °= ⋅ =  (2) 

( ) ( )

( ) ( )

22cos 160 1 cos 2 160

cos 320 cos 80

° °

° °

− = ⋅

= ≠
 (3) 

( )22cos 2 2cos 1 2 0.28 1

0.8432 0.84

α α= − = −

= − ≈ −
 

(4) 

( ) ( ) 2cos 130 cos 2 65 1 2sin 65° ° °= ⋅ = −  (2) 
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1. Which of the following is equal to the expression 22cos 60 1° − ? 
 

 (1) cos30°  (3) cos120°  
 

 (2) sin 30°  (4) sin120°  
 
2. Which of the following is equal to sin10° ? 
 

 (1) 21 2sin 20°−  (3) 2sin 5 cos5° °  
 

 (2) 2sin 20 cos 20° °  (4) 2 2cos 5 sin 5° °−  
 
3. Which of the following is not equal to cos50° ? 
 

 (1) 21 sin 50°−  (3) cos310°  
 

 (2) 22cos 100 1° −  (4) 21 2sin 25°−  
 

4. If 1cos 3α =  then ( )cos 2α = ? 
 

 (1) 7
9−  (3) 2

3−  
 

 (2) 5
9−  (4) 3

3−  

 

5. If ( ) 590 180  and cos 2  then sin8A A A° °< < = = ? 
 

 (1) 3
8  (3) 3

4  
 

 (2) 6
2  (4) 5

7  

  

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −

 

Answer Key 

( )cos 2 60 cos120° °= ⋅ =  (3) 

( ) ( )sin 10 sin 2 5 2sin 5 cos 5° ° ° °= ⋅ =  (3) 

( )22cos 100 1 cos 2 100

cos 200 cos 50

° °

° °

− = ⋅

= ≠
 (2) 

( )2
2 12cos 1 2 13

1 2 72 1 1
9 9 9

α= − = −

= ⋅ − = − = −
 (1) 

( ) 2 2

2 2

5cos 2 1 2sin 1 2sin8

33 3 32sin sin sin8 16 16 4

A A A

A A A

= − ⇒ = −

= ⇒ = ⇒ = =
 

(3) 



AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY,,  UUNNIITT  ##88  ––  TTRRIIGGOONNOOMMEETTRRIICC  AALLGGEEBBRRAA  ––  LLEESSSSOONN  ##55  
eeMMAATTHHIINNSSTTRRUUCCTTIIOONN,,  RREEDD  HHOOOOKK,,  NNYY  1122557711,,  ©©  22000099  

 
 
 
 
 
 
 

6. For an angle β  it is known that 90 180β° °< <  and 5cos 13β = − .  Find in simplest form: 
 

 (a) ( )sin 2β  (b) ( )cos 2β  

 
 
 
 
 
 

7. For an angle θ  it is known that 2cos  and 270 3604θ θ° °= < < .  Find in simplest form: 
 

 (a) ( )sin 2θ  (b) ( )cos 2θ  

 
 
 
 
 
 
RREEAASSOONNIINNGG  
 
8. We saw in the lesson where the first identity for ( )cos 2A  comes from.  By combining this identity with the 

Pythagorean Identity, 2 2cos sin 1A A+ =  the other two can be found. 
 
 
 

TTHHEE  DDOOUUBBLLEE  AANNGGLLEE  IIDDEENNTTIITTIIEESS  
 

 ( )sin 2 2sin cosA A A=  

( )
( )
( )

2 2

2

2

cos 2 cos sin

cos 2 2cos 1

cos 2 1 2sin

A A A

A A

A A

= −

= −

= −

 

(a) By substituting the Pythagorean Identity  
2 2sin 1 cosA A= −  into the first identity for  
( )cos 2A , derive the second identity for ( )cos 2A . 

(b) By substituting the Pythagorean Identity  
2 2cos 1 sinA A= −  into the first identity for 
( )cos 2A , derive the third identity for ( )cos 2A . 

( )

( ) ( ) ( )

2
2 2

2

First we use the Pythagorean Identity:

5 25sin 1 sin 113 169

144 144 12sin sin169 169 13
5 12012sin 2 2sin cos 2 13 13 169

β β

β β

β β β

+ − = ⇒ + =

= ⇒ = =

= = − = −

 

( ) ( ) ( )
( ) ( )
( ) ( )

2 2
2 2

2
2

2
2

5 11912cos 2 cos sin 13 13 169

5 119cos 2 2cos 1 2 113 169

11912co s2 1 2sin 1 2 13 169

β β β

β β

β β

= − = − − = −

= − = − − = −

= − = − = −

 

( )

2

First we use the Pythagorean Identity and find:

1414sin sin16 4

14 2sin 2 2sin cos 2 4 4

2 28 4 7 7
16 16 4

θ θ

θ θ θ

= ⇒ = −

   = = −   
   

−= − = = −

 

( )
2 2

2 2 2 14cos 2 cos sin 4 4

32 14 12
16 16 16 4

θ θ θ    = − = − −   
   

= − = − = −

 

( )

( )

2 2

2 2

2 2

2

cos 2 cos sin

cos 1 cos

cos 1 cos

2cos 1

A A A

A A

A A

A

= −

= − −

= − +

= −

 

( )

( )

2 2

2 2

2 2

2

cos 2 cos sin

1 sin sin

1 sin sin

1 2sin

A A A

A A

A A

A

= −

= − −

= − −

= −
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SSOOLLVVIINNGG  EEQQUUAATTIIOONNSS  UUSSIINNGG  IIDDEENNTTIITTIIEESS  

AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY  
 

Some special types of trigonometric equations can only be solved algebraically by substitution of an appropriate 

trigonometric identity.  Since an identity is a true equality for all values of the variable, the principle of 

mathematical substitution allows us to interchange these equal quantities.  The main identities that you will 

need are as follows.  Note that the Pythagorean Identity should be memorized.   

 

 

 

 

 

 

Exercise #1:  Solve the equation  sin 2 cos 0A A   for all values of A on the interval 0 360A   . 

 

 

 

 

 

 

 

 

 

 

 

When a substitution of  sin 2A  is needed, the choice is straightforward, because there is only one identity.  It is 

more difficult when a choice must be made for  cos 2A .  In general, if you can avoid mixing sines and cosines 

upon substitution, do so. 
 

Exercise #2:  Solve the equation  cos 2 5cos 3 0A A    for all values of A on the interval 0 360A   . 

 

 

 

 

 

 

 

 

 

 

  

TTRRIIGGOONNOOMMEETTRRIICC  IIDDEENNTTIITTIIEESS  FFOORR  EEQQUUAATTIIOONN  SSOOLLVVIINNGG  
 

 

2 2sin cos 1

sin 2 2sin cos

A A

A A A

 



  

 

2

2

cos 2 2cos 1

cos 2 1 2sin

A A

A A

 

 

 

Answer Key 

 

 

sin 2 cos 0

2sin cos cos 0

cos 2sin 1 0

1cos 0  or  sin
2

A A

A A A

A A

A A

 

 

 

 

 

cos 0

90 , 270

A

A
 




 

 11 1sin sin 30
2 2

Solutions  are in Quads. I and II

I: 30 , II: 180 30 150

r
A A

A A

 

   

   

   

 

 

Solution set:

90 , 270 , 30 , 150
   

 

 

   

2

2

cos 2 5cos 3 0

2cos 1 5cos 3 0

2cos 5cos 2 0

2cos 1 cos 2 0

1cos   or  cos 2
2

A A

A A

A A

A A

A A

  

   

  

  

   

 
 

Solution set:

120 , 240
 

 

cos 2

No solutions due to cos 1.

A

A

 

 

 11 1cos cos 60
2 2

Solutions are in Quadrants II and III

II: 180 60 120

III: 180 60 240

r
A A

A

A

 

  

  

    



  

  
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The Pythagorean Identity is particularly useful when the quadratic term of an equation needs to be replaced. 
 

Exercise #3:  Solve the equation 2cos 4sin 4 0x x    for all values of x on the interval 0 360x   . 

 

 

 

 

 

 

 

 

 

 

 

Sometimes the substitution is used to create an incomplete quadratic equation, as seen in the next exercise. 
 

Exercise #4:  Solve the equation  3cos 2 2   for all values of   on the interval 0 360   .  Express all 

answers to the nearest tenth of a degree.  Note that there are multiple ways to solve this problem. 

 

 

 

 

 

 

 

 

 

 

 

Exercise #5:  Show that the trigonometric equation   2cos 2 3sin 6sin 7 0       does not have any 

solutions. 

 

 

 

 

 

 

 

   

2

2

2

2

cos 4sin 4 0

1 sin 4sin 4 0

sin 4sin 5 0

sin 4sin 5 0

sin 5 sin 1 0

sin 5  or  sin 1

x x

x x

x x

x x

x x

x x

  

   

   

  

  

  

 
 

Solution set:

270


 

sin 5

No solutions due to sin 1.

x

x





sin 1

270

x

x


 



 

 2

2 2

3cos 2 2

3 2cos 1 2

56cos 3 2 cos
6

5cos
6





 





 

   

 

 

1 5cos 24.1
6

Since cosine is both positive and negative

our solutions come in all four quadrants.

24.1 , 155.9 , 204.1 , 335.9

r




 

   

   
 



 

 

   

2

2 2

2

cos 2 3sin 6sin 7 0

1 2sin 3sin 6sin 7 0

sin 6sin 8 0

sin 2 sin 4 0

sin 2  or  sin 4

  

  

 

 

 

   

    

  

  

 

 

In both cases the sine value is greater than 1

which is not allowed on the unit circle.  Thus

this equation fails to have any solutions.
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SSKKIILLLLSS  

 

1. Find all values of   on the interval 0 360    that solve  sin 2 sin  . 

 

 

 

 

 

 

 

 

 

2. Determine all values of x on the interval 0 360x    that satisfy  cos 2 0x  . 

 

 

 

 

 

 

 

 

 

3. Solve the equation  cos 2 3sin 2 0A A    for all values of A on 0 360A   . 

 

 

 

 

 

 

 

 

 

 

TTRRIIGGOONNOOMMEETTRRIICC  IIDDEENNTTIITTIIEESS  FFOORR  EEQQUUAATTIIOONN  SSOOLLVVIINNGG  
 

 

2 2sin cos 1

sin 2 2sin cos

A A

A A A

 



  

 

2

2

cos 2 2cos 1

cos 2 1 2sin

A A

A A

 

 

 

Answer Key 

 

 

sin 2 sin

2sin cos sin

2sin cos sin 0

sin 2cos 1 0

sin 0  or  cos
2

 

  

  

 

 





 

 

 

 
 

Solution set:

0 , 180 , 360 , 60 , 300
    

 

sin 0

0 , 180 , 360



   




 

 11 1cos cos 60
2 2

Our solutions lie in Quads. I and IV

I: 60

IV: 360 60 300

r
 





 



  

   





  

 

 

2

2

cos 2 0

2cos 1 0

1 1cos cos
2 2

x

x

x x



 

   

 

 1 1cos 45
2

Since our cosine is both positive and negative

our solutions lie in each of the four quadrants.

45 , 135 , 225 , 315

r
x

x

 

   

 



 

 

   

2

2

2

cos 2 3sin 2 0

1 2sin 3sin 2 0

2sin 3sin 1 0

2sin 3sin 1 0

2sin 1 sin 1 0

1sin   or  sin 1
2

A A

A A

A A

A A

A A

A A

  

   

   

  

  

   

 
 

Solution set:

270 , 210 , 330
  

 

sin 1

270

A

A


 



 11 1sin sin 30
2 2

Our solutions lie in Quads. III and IV

III: 180 30 210

IV: 360 30 330

r
A A

A

A

 

  

  

    



  

  
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4. Solve the equation  4sin 2 3cos 0    for all values on the interval 0 360   .  Express any non-

integer answers to the nearest tenth of a degree. 

 

 

 

 

 

 

 

 

 

5. Find all values of x over the interval 0 360x    that solve 
23sin 5cos 1 0x x   .  Express all answers 

accurate to the nearest tenth of a degree. 

 

 

 

 

 

 

 

 

 

6. Solve the equation  5cos 2 3 0    for all values of   on the interval 0 360   .  Round all answers 

to the nearest tenth of a degree. 

 

 

 

 

 

 

 

 

7. Find all solutions to  cos 2 7cos 6 0     over the interval 0 360   . 

 

 

 

 

 

 

 

 

 

 

 

4sin 2 3cos 0

4 2sin cos 3cos 0

8sin cos 3cos 0

cos 8sin 3 0

3cos 0  or  sin
8

 

  

  

 

 

 

 

 

 

 

 
 

Solution set:

90 , 270 , 22.0 , 158.0
   

 

cos 0

90 , 270



  




 

 13 3sin sin 22.0
8 8

Our solutions lie in Quads. I and II

I: 22.0

II: 180 22.0 158.0

r
 





 



  

   





  

 

 

   

2

2

2

2

2

3sin 5cos 1 0

3 1 cos 5cos 1 0

3 3cos 5cos 1 0

3cos 5cos 2 0

3cos 5cos 2 0

3cos 1 cos 2 0

1cos   or  cos 2
3

x x

x x

x x

x x

x x

x x

x x

  

   

   

   

  

  

  

 
 

Solution set:

70.5 , 289.5
 

 

cos 2

Has no solutions because cos 1.

x

x

 

 
 

 11 1cos cos 70.5
3 3

Our solutions lie in Quads. I and IV

I: 70.5

IV: 360 70.5 289.5

r
x x

x

x

 



  

   





  

 

 

 2

2

2

5cos 2 3 0

5 2cos 1 3 0

10cos 5 3 0

2 1cos
10 5

1cos
5











 

  

  

 

 

 

 1 1cos 63.4
5

Due to cosine being both positive and negative

our solutions lie in all four quadrants, thus:

63.4 , 116.6 , 243.4 , 296.6

r




 

   

 



 

 

   

2

2

cos 2 7cos 6 0

2cos 1 7cos 6 0

2cos 7cos 5 0

2cos 5 cos 1 0

5cos   or  cos 1
2

 

 

 

 

 

  

   

  

  

 

 
 

Solution set:

0 , 360
 

 

5cos
2

Has no solutions because cos 1.









cos 1

0 , 360



  




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Although algebraic techniques can be used to solve trigonometric equations, they can also be solved graphically 

using our calculators.  Intelligent windows and proper sketches are necessary when employing this technique.  

We will start with a simple example where the graph window and axes are provided. 

 

Exercise #1:  Graphically solve the equation 2cos 1 0x   for all values of x on the interval 0 360x   .  

Sketch and label a graph to justify your answers. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Graphical techniques are most useful to solve equations that are more difficult, such as the quadratic equations 

and especially those involving trigonometric substitutions.  The next exercise again provides you with an 

appropriate window and axes. 

 

Exercise #2:  Graphically solve the equation 
215cos 7cos 2 0x x    for all values of x on the interval 

0 360x   .  Express all answers accurate to the nearest tenth of a degree. 

 

 

 

 

 

 

 

 

 

 

 

 

  

y 

x 

4 

4  

360

 

Answer Key 

 120 , 0
   240 , 0

  

2cos 1y x   

 

Since we are looking for where this equation

is equal to zero, we find the -intercepts using

our calculator.  This gives us a solution set of:

120 , 240

x

 

 

48.2
  101.5

  258.5
  

311.8
  

20 

5  

360

 

y 

x 

2
15cos 7cos 2y x x    

 

Final Solution Set:

48.2 , 101.5 , 258.5 , 311.8
   
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Most often, when a student is solving an equation graphically, it will be up to the student to draw the axes and 

decide on an appropriate window.  The next few exercises provide practice with these important skills. 
 

Exercise #3:  Graphically solve the equation 
23cos 7cos 6 0     for all values on 0 360   .  Round 

all answers to the nearest tenth of a degree.  Be sure to label all appropriate portions of your graph (your 

window, your curve, your intercepts, etc.) 

 

 

 

 

 

 

 

 

 

 

Exercise #4:  Graphically find all solutions to  3sin 2 cos 0    over the interval 0 , 360    .  Round all 

non-integer answers to the nearest tenth of a degree. 

 

 

 

 

 

 

 

 

 

 

Some graphing windows can be a challenge and might require multiple adjustments to find all of the roots of an 

equation. 
 

Exercise #5:  Graphically solve 
22cos 3sin 3 0x x    for all values of x on 0 360x   . 

 

 

 

 

 

 

 

 

 

 

131.8
  

2
3cos 7cos 6y x x    5 

15  

360

 

y 

x 
228.2

  

 

Final Solution Set:

131.8 , 228.2
 

 

9.6
  

 3sin 2 cosy x x   5 

5  

360

 

y 

x 
90

  

170.4
  

270
  

 

Final Solution Set:

9.6 , 90 , 170.4 , 270
   

 

2
2cos 3sin 3y x x    0.2 

0.5  

360

 

y 

x 
210

  

270
  

330
  

 

Final Solution Set:

210 , 270 , 330
  
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1. Which of the following represents the largest solution, on the interval 0 360x   , of the trigonometric 

equation 
23sin 1 0x   to the nearest degree? 

 

 (1) 215
 (3) 341  

 

 (2) 325
 (4) 285

 

 

2. The solution set of 
22sin 3sin 2 0x x    on the interval 0 , 360    ? 

 

 (1)  45 ,135   (3)  30 ,150   

 

 (2)  30 , 330   (4)  60 , 240   

 

3. Which of the following sets represents all solutions to 
2cos cosx x  on the interval 0 , 360  ? 

 

 (1)  0 ,180 , 270    (3)  90 , 270   

 

 (2)  0 , 90 , 270    (4)  90 , 360   

 

4. The smallest solution to  cos 2 cos 1 0x x    on the interval 0 360x    is 

 

 (1) 60  (3) 15
 

 

 (2) 30  (4) 90
 

 

5. How many solutions does the equation  sin 2 2sin 0    have on the interval 0 360   ? 

 

 (1) 1 (3) 3 
 

 (2) 2 (4) 4 

 

6. Which of the following represents the number of solutions to 
22cos cos 1 0x x    on the half-closed 

interval 0, 360 ? 

 

 (1) 1 (3) 3 
 

 (2) 2 (4) 4 

  

Answer Key 

(2) 
Create a graph and use the ZERO 

command to find the largest x-intercept. 

(3) 

Create a graph and use the ZERO 

command to find all x-intercepts. 

(2) 

Graph the equation 2
cos cosy x x   and 

use the ZERO command to find the x-

intercepts.  Watch out!  Although 360


 is an 

intercept it is not in the solution interval. 

(1) Create a graph and find the smallest x-

intercept. 

(3) Create a graph and carefully count the 

number of times it hits the x-axis.  This 

might require zooming multiple times. 

(3) Create a graph and carefully count the 

number of times it hits the x-axis.  Watch 

out!  The graph hits at 360


, but this is not 

included in the solution interval. 
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7. Solve each of the following trigonometric equations graphically for all values of x on the interval 

0 360x   .  Round all non-integer answers to the nearest tenth of a degree.  In each case provide a graph 

that justifies your solution.  Include on each of your graphs the equation of any curves sketched, the window 

you used, and any intersections or intercepts needed for solution.  Don’t forget to state the solution set. 
 

 (a) 
22sin 1 0x    (b) 

212cos 5cos 2 0x x    

 

 

 

 

 

 

 

 

 

 

 

 (c) 
25sin 2sin 0x x    (d)  2sin 2 1x   

 

 

 

 

 

 

 

 

 

 

 

8. Solve the following equation over the interval 0 360x    graphically.  Show an appropriate graph that 

justifies your solution.  Round your final answers to the nearest tenth of a degree. 

 

  5cos 2 2 4sin 3x x    

 

Final Solution Set:

45 , 135 , 225 , 315
   

 

48.2
  

2
12cos 5cos 2y x x    

15 

5  

360

 

311.8
  

255.5
  104.5

  

x 

y 

 

Final Solution Set:

48.2 , 104.5 , 255.5 , 311.8
   

 

x 

y 
7 

1  

0
  180

  203.6
  336.4

  360
  

2
5sin 2siny x x   

 

Final Solution Set:

0 , 180 , 203.6 , 336.4 , 360
    

 

15
  

 2sin 2 1y x   

5 

5  

360

 

195
  255

  x 

y 

75
  

 

Final Solution Set:

15 , 75 , 195 , 255
   

 

 27.6, 4.9  

 5cos 2 2y x   
10 

5  

360

 

 152.4, 4.9  

x 

y 

 

Final Solution Set:

27.6 , 152.4 , 239.7 , 300.3
   

 

45
  

2
2sin 1y x   

5 

5  

360

 

315
  225

  x 

y 

135
  

4sin 3y x   

 239.7, 0.5   300.3, 0.5  
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